Cartwright's theorem for harmonic functions  by Trembinska, A.M
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 163, 261-263 (1992) 
Cartwright’s Theorem for Harmonic Functions 
A. M. TREMBINSKA 
Department of Mathematics, John Ja? College, 
City University qf New’ York, New York, Nell, York 10OlY 
Submitted bJ R. P. Boas 
Received August 18, 1990 
Cartwright’s theorem [l, p. 1801 states that an entire function of 
exponential type less than n must be bounded on the whole real axis if it 
is bounded at the integers. In this paper we shall prove that Cartwright’s 
theorem extends to real-valued entire harmonic functions. 
THEOREM 1. Let u(z) be a real-valued entire harmonic ,function of 
exponential type less than IT. Zf lu(n)l is bounded,for n = 0, k 1, +2, . . . . then 
1 u(x) 1 is bounded for all real x. 
Proof: Let us first construct the entire functionf(z) whose real part is 
u(z), by letting v(z) denote the harmonic conjugate to u(z). Then 
f(z) = U(Z) + iv(z) is entire. To show that f‘(z) is of exponential type less 
than it, let Q(r)=max,;,=, lu(z)l. Then by Carathtodory’s inequality [l, 
p. 23 we have that 
If(z)1 d If(o)I + j$ {Q(R) - u(O)), O<rcR, 
and by taking R = r + 1, it follows that f(z) has the same exponential type 
as u(z). 
Now let g(z) =f(z) +f(F). Then g(z) is an entire function of exponential 
type less than rc, and for real values of x, 
g(x) = 224x). 
Consequently, g(n) = 24n) is bounded for n =O, f 1, f2, . . . . and by 
Cartwright’s theorem g(x) is bounded for all real x. Hence U(X) is bounded 
for all x. 
An interesting application of Theorem 1 is to entire functions of zero 
exponential type. It is already known that an entire function of zero 
exponential type must reduce to a constant if it is bounded at the integers 
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(see [l, p. 1831 or [2]). However, will such a function reduce to a constant 
if its real part is bounded at the integers? The example f(z) = -(l/2) iz2 
shows that this condition is not sufficient. In this case, u(x, y) = xy is 
bounded at the integers. In fact, it vanishes there, yet f(z) is not constant. 
However, the possibility does exist that an entire function of zero exponen- 
tial type reduces to a constant if its real part is bounded along two parallel 
lines of lattice points, and this is precisely what we shall prove. 
THEOREM 2. Let f(z) = u(z)+ iv(z) be an entire function of zero 
exponential type. Zf /u(n)1 =0(l) and lu(n+i)l =0(l), n=O, +l, f2, . . . . 
then f(z) is a constant. 
Proof: Let g(z) =f(z)+f(z). Then g(z) is an entire function of zero 
exponential type, and 
g(x) =224(x). 
In particular, 
g(n) = 24n), n = 0, * 1, + 2, . . . . 
Since u(z) is bounded at the integers, it is bounded on the whole real axis, 
by Theorem 1. Therefore g(z) is an entire function of zero exponential type 
that is bounded on the real axis and as such must be constant, so that 
g(z) = f(z) +fW = K,. 
In particular, for z = z + i we have 
f(z+i)= -f(Z-i)+Kl. 
Now let h(z) =f(z + i) +f(Z + i). Since 
h(n) = 2u(n + i) 
we conclude as above that h(z) is a constant. Therefore 
f(z+i)= -fm+K?. 
Equations (1) and (2) give 
f(z + i) -f(z - i) = K,, K,=K,-K,. 
(1) 
(2) 
(3) 
Differentiate Eq. (3) to obtain 
f’(Z + i) = f’(z - i). 
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That is, f’(z) is an entire function of exponential type with period 2i. Such 
a function has the form 
Sincef’(=) has zero exponential type, II =O, andf”(z) is a constant. If this 
constant is nonzero, then f(z) = U(Z) + k(z) must be a linear polynomial, 
contradicting the assumption that U(Z) is bounded at the integers. There- 
fore .f’(~) = 0 and f(z) is a constant. 
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